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Abstract— The emerging noise-shaping (NS) successive approximation (SAR) architecture is highly efficient and compact; however, the order and signal-to-noise ratio (SNR) of sub-MHz NS
SAR ADCs are still lower than conventional sigma–delta ADCs.
This work proposes a cascaded NS (CaNS) SAR architecture that
increases system order and enables more effective NS for higher
SNR. The proposed architecture enhances the robustness of
high-order NS performance at the system level and is inherently
process, voltage and temperature (PVT) stable. A two-phase
settling technique improves the efficiency of residue amplification
without sacrificing robustness. A prototype CaNS SAR ADC,
fabricated in 28-nm CMOS, occupies 0.02 mm2 and consumes
120 µW. The measured Signal to Noise and Distortion Ratio
(SNDR) over 100-kHz bandwidth is 88 dB, resulting in a Schreier
Figure of Merit (FoM) of 177 dB.
Index Terms— ADC, cascade form, discrete-time (DT) amplifier, noise shaping (NS), successive approximation (SAR).

I. I NTRODUCTION

H

IGH-RESOLUTION, sub-MHz bandwidth data converters are essential for emerging applications, such
as sensors and Internet-or-Things (IoT) devices. For these
applications, high signal-to-noise ratio (SNR), high energy
efficiency, and low cost are essential. The sigma–delta (SD)
architecture is attractive because it provides high SNR; however, the dependence on op-amps makes conventional SD
ADCs large and power hungry. The emerging noise-shaping
(NS) successive approximation (SAR) architecture [1] is a
compelling alternative because it combines the efficiency and
area advantages of the SAR ADC architecture with NS.
A further advantage is that many recent NS SAR designs
are opamp-free. However, most reported sub-MHz NS SAR
ADCs [2]–[4] are limited to medium-to-high SNR, in part
because they are restricted to low-order NS.
To better compare different architectures, Fig. 1 plots the
energy efficiency versus Signal to Noise and Distortion Ratio
(SNDR) for high-resolution sub-MHz (10 kHz–1 MHz) bandwidth ADCs from [5].
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Fig. 1.

Comparison of state-of-the-arts sub-MHz ADC designs.

As shown, conventional SD ADCs offer high SNDR but
tend to have low power efficiency. Some continuous-time
(CT) SD ADCs are more efficient, but a disadvantage is
that CTSD ADCs generally require capacitor tuning and are
relatively large in terms of die area. In contrast, NS SAR
ADCs are highly efficient and are noticeably smaller. However,
the SNDR of most existing NS SARs is inadequate for many
sub-MHz applications. Furthermore, many highly efficient NS
SAR ADCs rely on low-power dynamic amplifiers (DAs),
which potentially suffer from large performance variation
under process, voltage and temperature (PVT) variation and
may require complicated calibration.
In this work, we introduce the cascaded NS (CaNS) SAR
architecture [6], which cascades two second-order NS stages
to provide a fourth-order noise transfer function (NTF) for
high resolution while consuming similar power and area to an
NS SAR with a second-order NTF. The higher order of the
proposed architecture significantly enhances robustness and
eliminates the need for PVT calibration. Two-phase settling
improves amplification efficiency without the need for DAs.
The prototype CaNS SAR ADC has a measured SNDR
of 88 dB over a 100-kHz bandwidth and consumes 120 μW
from a 1-V supply, resulting in a Schreier Figure of Merit
(FoM) of 177 dB. Implemented in 28-nm CMOS, it occupies
only 0.02 mm2 . The proposed NS-SAR architecture is an
area-efficient alternative to SD ADCs for high-resolution, lowpower, area-critical applications.
To better understand the inherent advantage of the proposed
design, Section II reviews the system-level considerations for
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Fig. 3.

Fig. 2. Generalized behavioral (top) and signal (bottom) model of NS SAR.

NS SAR. Section III introduces the CaNS SAR. Section IV
discusses the implementation of the prototype CaNS SAR
ADC. Section V explains and analyzes the multiphase settling
scheme for high-efficiency residue amplification. Following
this, Finally, Sections VI presents measurement results and
Section VII provides conclusions.
II. S YSTEM -L EVEL C ONSIDERATIONS FOR
H IGH -R ESOLUTION NS SAR

Different DT filter implementation forms.

We modify the Schreier and Sauerbrey’s FoM [7] to consider both area and robustness

BW
(4)
FoMNSSAR = SNRworst + 10 log10
P · A · OSR
where SNRworst is the worst case SNR in dB under PVT
variation for a certain yield, BW is the effective bandwidth
in Hz, P is the total power consumption in watts, and A
is the area in mm2 . This FoM definition assumes that the
error is dominated by thermal noise (∝ P −1 BW) and kT/C
noise (∝ A−1 OSR−1 ). Assuming that both types of noise
are comparable in a reasonable design, then both (P −1 BW)
and (A−1 OSR−1 ) should decrease by 3 dB to increase SNR
by 3 dB. In the following discussion, we use this FoMNSSAR
to compare NS SAR ADCs with different system designs.

A. Design Factors in NS SAR
Although actual implementations vary, most NS SAR ADCs
can be generalized with the behavioral signal model shown in
Fig. 2.
Here, VIN (z) is the analog input signal, and DOUT (z) is the
digitized output. E S (z) represents the errors or noise during
sampling (e.g., kT/C noise), and E Q (z) is the quantization
error (including comparator noise) from SAR. The CDAC
generates a residue, VRES (z), after each round of quantization,
with a distortion error (E D ) from DAC nonlinearity and
mismatch. H 1(z) and H 2(z) are the loop filters for different
feedback paths, and E N (z) is the input-referred noise of these
filters. An all-pass signal transfer function (STF) processes the
input signal. The following NTFs shape the errors E Q , E D ,
and E N :
STF = NTFS = 1
1 − H1(z)
NTFQ =
1 − H2(z)
NTF N = NTF D = H 1(z) −

(1)
(2)
H 2(z)
.
1 + H 2(z)

(3)

In-band NTF N and NTF D are approximately all-pass, and
therefore, neither E N nor E D is suppressed.
Most of the specifications of an NS SAR directly relate to
factors in the generalized behavioral model. SNR is a function
of E Q , E D , E N , and E S , over-sampling rate (OSR), and the
NTFs, while the noise requirement (E N ) of the loop filter
usually dominates the power consumption (P) of a highresolution NS SAR. The CDAC determines the area (A) and
thus strongly depends on E S and E D . Finally, the sensitivity
of the NTF determines the PVT robustness of an NS SAR
ADC.

B. NS SAR With Different System Design
Existing work applies circuit-level techniques, such as passive filtering [2], [8] and calibration [3] to improve performance and PVT robustness. Instead, we consider higher level
solutions related to system order and the form of the NTF. Our
approach is inspired by the discrete-time (DT) filter theory,
which shows that the robustness of a filter strongly depends on
its structure, especially for higher order filters. Fig. 3 shows the
three most common DT filter structures: direct form, cascade
form, and parallel form.
Almost all NS SAR designs use the direct form. The direct
form is the most straightforward and is easily constructed from
the filter coefficients. However, the direct form has several
inherent disadvantages. It needs many summing blocks and
requires relatively large coefficient magnitudes, both of which
increase the cost in terms of power and area. Also, the direct
form suffers from high sensitivity to variation in coefficients
gain, which in practice means poor PVT robustness.
The cascade filter form is the most robust against coefficient
variation and requires less coefficient gain. Unlike the parallel
form, the cascade form enables direct, independent control
of each zero (pairs), and thus has even lower coefficient
sensitivity than the parallel form [9]. Another advantage of
the cascade form is that the later stages filter the noise of the
early stages, which reduces the overall in-band noise.
Before we introduce the proposed CaNS SAR in Section III,
we first compare the performance of different NS SAR systems
to illustrate the advantage of cascading. We build a theoretical
model (described in Appendix I) and investigate the maximum performance (FoMNSSAR ) of NS SAR ADCs by global
optimization. Fig. 4 shows the results of this modeling.
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Fig. 5.

EF NS SAR and a practical implementation [3].

Fig. 6.

EF NS SAR with loop filter in cascade form.

III. P ROPOSED C A NS SAR A RCHITECTURE
A. Error-Feedback Architecture
A practical NS SAR design does not require both the H1
and H2 loop filters, shown in Fig. 3, for high performance.
The poles of the NTF are much less critical than the zeros
because the quantizer in an NS SAR (i.e., the SAR ADC core)
is high resolution. As (2) indicates, an advantage of the H1
filter is that an FIR filter can place the zeros of the NTF,
without need for the H2 filter. This configuration is known as
the error-feedback (EF) NS SAR architecture [3], as shown in
Fig. 5.
Besides its system-level simplicity, the EF architecture also
has several circuit-implementation advantages. EF not only
eliminates integrators in the loop filter but also removes the
requirement for a multi-input comparator. Moreover, the large
capacitance of CDAC naturally suppresses the noise from the
loop filter. Therefore, in this work, we take advantage of EF
in a cascaded architecture.
B. Cascaded Error Feedback
Fig. 4. Optimal FoMNSSAR [see (4)], SAR core ENOB, power, area, and
OSR versus NTF order for different NTF forms.

We note that for a certain SNR and BW (90 dB and 100 kHz
in our case), the optimal FoMNSSAR for the direct form occurs
for a second-order NTF, whereas the peak for the cascade
form is with a fourth-order NTF. Indeed, low-order NS is the
optimal choice for existing NS SAR ADCs, which use the
direct form. However, we also note that a better FoMNSSAR
is possible with higher order NS for the cascade form NTF,
which is our motivation for investigating the CaNS SAR
architecture.

A straightforward “cascading” of an NS SAR might directly
cascade the loop filter. As shown in Fig. 6, the cascade of FIR1
and FIR2 implements the FIR filter.
Although such an implementation can reduce the magnitude
of the filter coefficients, it does not preserve the ability to
independently place the zeros of the NTF, which is an essential
advantage of cascade form. The NTF for E Q is
NTF Q (z) = 1 − FIR1 (z) · FIR2 (z).

(5)

We note that the zeros of the NTF in (5) are not directly
related to FIR1 or FIR2 ; in other words, cascading the loop
filter does not provide a cascade form of the NTF. This
problem not only increases design difficulty but also worsens
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SD ADC with noise-shaped quantizer.
Fig. 9.

Fig. 8.

Straightforward implementation of the CaNS SAR architecture.

Proposed CaNS SAR architecture.

the robustness of the NTF. For a fourth-order NTF in the
form of (5), the SNR degradation with coefficient variation
can be 20 dB larger compared to an NTF with a true cascade
form. We provide a more detailed numerical comparison at
the end of this section.
Recent work on CT SD ADCs with noise-shaped quantizers [10], [11] suggests a practical alternative to using
a cascaded loop filter. Fig. 7 shows an SD ADC with
noise-shaped quantizer. In these SD ADCs, an outer modulator
loop increases the NS order.
We note that the overall NTF is the product of the two
sub-NTFs so that the overall NTF is in cascade form of the
two individual NTFs
NTF(z) = NTF1 (z) · NTF2 (z) =

NTF1 (z)
.
1 + H (z)

(6)

Inspired by this, we introduce a CaNS SAR structure with
similar advantages, as shown in Fig. 8.
We cascade loops with separate loop filters so that the
overall NTF is in cascade form and the sub-loop filters
independently control the zeros
NTF Q (z) = (1 − FIR1 (z))(1 − FIR2 (z)).

(7)

We name this architecture CaNS SAR. The input to FIR2
(VRES2 ) is
VRES2 (z) = FIR1 (z) · E Q (z) − E Q (z)
= VRES1 (z) − FIR1 (z) · VRES1 (z).

(8)

Equations (7) and (8) suggest a straightforward implementation of the CaNS SAR, as shown in Fig. 9. Section IV
discusses the circuit-level implementation in detail.

Fig. 10. Performance distributions for four different NTFs for a 1% 1-sigma
coefficient variation.

C. Advantages of CaNS SAR
CaNS SAR preserves the system-level advantages of the
cascade form. It enables a high-order NTF with small coefficients. The two sub-NTFs independently control the zeros of
the NTF. As mentioned, this independent control dramatically
reduces the sensitivity of the NTF to coefficient variation.
To better illustrate this, Fig. 10 shows the calculated performance distributions for four different NTFs for a 1% 1-sigma
coefficient variation. The horizontal axis represents the SNR
improvement from NS, assuming an OSR of 10. The NTF
of the proposed CaNS SAR provides a much better overall
SNR, even accounting for manufacturing variation. We note
that the direct-form loop filter and cascaded-form loop filter
(see Fig. 6) of the fourth-order NTF perform even worse than
the second-order one. The proposed cascaded architecture is
crucial for reliable high SNR operation.
At the circuit level, CaNS SAR extends the advantages of
EF. The outer loop shapes the noise from the inner loop and
the noise from the FIR1 filter. This shaping greatly relaxes
the noise requirements for FIR1 and thus reduces power and
die area. The large capacitance of CDAC suppresses the
noise from FIR2 , which is the dominant noise of the system.
In effect, this reuse of the CDAC capacitance for FIR2 noise
reduction helps to reduce the area further.
IV. P ROTOTYPE I MPLEMENTATION
Fig. 11 shows a complete schematic of the prototype CaNS
SAR ADC. Besides the cascade EF structure, the remainder
of implementation is relatively straightforward. The SAR core
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Fig. 11.

Schematic of the prototype CaNS SAR ADC.

Fig. 12.

Cross-differential sampling of FIR capacitors.

Fig. 13.

uses an 8-bit CDAC, a Strong-ARM dynamic comparator,
and asynchronous SAR logic. The input sampling switch is
boot-strapped, whereas the other switches are simple transmission gates. Chopping in the main signal path suppresses
flicker noise. CDAC mismatch is canceled with an off-chip
calibration. The details about the calibration are described in
Appendix II.
A. Circuit Implementation of Cascaded Error Feedback
A serial capacitor (Cser in Fig. 11) cascades the NS stages
and also implements the inner loop feedback. 1 Cser is reset
before each round of feedback to clear any residual charge
from the previous cycle. Feedback for the inner stage is
through simple change sharing of the output of FIR1 with Cser .
In the subsequent conversion, the voltage on the top plate of
Cser (V A ) is naturally equal to the voltage on the bottom plate
of Cser (VB ), plus the voltage across Cser (Vser )
V A = VB + Vser = VB + αVFIR1

(9)

where VFIR1 is the output of FIR1 and α represents the
loss due to charge sharing. In this way, a single capacitor
Cser implements the signal summation in Fig. 9, and this
summation is entirely passive. Because the outer stage relaxes
the noise requirements for the inner stage, Cser can be a
relatively small capacitance. The power and area overheads
are therefore low.
A residue amplifier (RA) driving the input of each
FIR filter compensates for the charge-sharing loss (α) and
1 [12] proposes a serial capacitor for residue summation in a conventional
NS SAR.

FIR1 switches timing. FIR2 operates with the same timing.

maintains the FIR coefficients. Cross-differential sampling,
as in [12], provides an extra gain of 2, which relaxes
the gain requirement of RAs and provides common-mode
suppression (see Fig. 12). Charge-injection effect from the
switches is negligible because of the fully differential operation and also because of the relatively large capacitance of FIR
filters.
Unlike [3], the FIR filters in this work use ping-pong switching to realize two cycles of delay. C f 2 and C f 3 alternatively
sample the output of RA1 (i.e., FB1 ) and transfer their sampled
charges to Cser two cycles later, as shown in Fig. 13. Such an
implementation simplifies the switching logic as there is only
a single charge-sharing step in each conversion cycle.
FIR2 operates in a similar way to FIR1 and injects its output
to the CDAC by charge sharing. As mentioned in [3], this
charge sharing inevitably attenuates the sampled input voltage
on CDAC and thus reduces the overall SNR. A high RA gain is
required to entirely mitigate the attenuation, but this increases
the design complexity and sensitivity. Thus, we choose an RA
of around 10×, leading to a tolerable SNR degradation of
1.5 dB (16%).
As mentioned, an advantage of the cascaded architecture
is that it shapes the noise of the inner loop. This greatly
relaxes the noise requirements for RA1, allowing it to be a
simple low-power gm-R amplifier (see Fig. 14). However,
the noise of RA2 remains critical because its noise is not
shaped and dominates the noise of the overall ADC. To solve
this problem, we propose a gm-R amplifier with two-phase
operation (discussed in Section V) to suppress noise and
improve efficiency.
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Fig. 16.

Operation timing.

Fig. 17.

Generalized signal model of DT amplifier.

Schematic of RA1.

third step (P3) proceeds in the same way as conversion in
a conventional SAR ADC.
This operation tolerates linear parasitic capacitance at the
plates of Cser and C f 1−6 because these capacitances only
cause a linear gain error, and CaNS SAR is insensitive to
gain error. However, any nonlinear parasitic capacitance on
nodes A and B, such as from the input transistors of the
RAs, causes distortion and degrades SNDR. To reduce this
distortion, we adopt parasitic pre-charging [13] and reset nodes
A and B to VCM during P1. After P1, the parasitic capacitances
at A and B share some of the charge from CDAC and Cser .
However, since V A and VB converge to virtual ground during
SAR conversion, the charge shared by these two parasitic
capacitors eventually returns, mostly eliminating the nonlinear
error.
The fourth and final step (P4) is residue sampling. In this
step, the two RAs amplify the residues on CDAC and the
top plate of Cser . After that, the two FIR filters sample the
amplified outputs using the cross-differential connection for
an additional gain of 2.
Fig. 15.

RA gain variation (top) and the effect on NTF (bottom).

V. M ULTI -P HASE S ETTLING A MPLIFIER
The system-level robustness of CaNS tolerates large gain
variation from the open-loop RAs. With the simulated 1-sigma
gain variation of 5%, the simulated SNR of the ADC is 90-dB
SNR with >95% yield. Fig. 15 shows the simulated gain
variation of the RAs under PVT variation and mismatch. The
figure also shows the effect on the overall ADC.
B. Operation Details
Conversion occurs in four steps, as shown in Fig. 16. The
overall timing is simple and little more complex than in a
conventional SAR ADC.
In the first step (P1), CDAC samples the input signal.
At the same time, the series capacitor Cser discharges (reset).
Feedback occurs in the second step (P2). The FIR filters inject
their outputs onto Cser and CDAC by charge sharing. The

We propose a multi-phase settling scheme to improve RA
efficiency without sacrificing robustness. Although some fully
passive NS SAR ADCs are reported, most cannot provide
enough loop gain for strong NS. In a high-resolution NS SAR,
the active amplifier is usually the dominant noise source and
easily becomes a performance bottleneck.
The RA in NS SAR ADCs operates in DT. Fig. 17 shows
a generalized signal model for a DT amplifier.
Here, A is the nominal gain of the amplifier, and Hsys is a
linear system that models the settling behavior. A CT white
noise source, v n (t), models the additive noise of the amplifier.
In most cases, the amplifier transconductance dominates v n
and determines the amplifier power consumption. TS and tskew
are the sampling period and timing skew, respectively. Two
critical specifications of a DT amplifier, the relative gain
variation (g) and input referred noise (v n,i ), can be derived
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Conventional DT amplifiers.

Fig. 20.
amplifier.

Amplification progress (step response) of two-phase settling

which means that we cannot simultaneously improve both
noise and robustness by changing the pole of Hsys.
B. DT Amplifier With Multi-Phase Settling
Fig. 19.

Noise–robustness tradeoff for a conventional DT amplifier.

from the model
a(TS + tskew )
(10)
a(TS )
 TS
v n (t)h(TS − t)dt
(11)
v n,i = 0
a(TS )
where h(t) and a(t) are the impulse and step response of Hsys,
respectively.
g=

A. Conventional DT Amplifiers
Conventional DT amplifiers can be classified into two
types: settling-based amplifiers (SBAs) and integration-based
amplifiers (IBAs). IBAs are also known as DAs.2 Fig. 18
shows the two types and also provides the corresponding Hsys.
Although the two types of amplifier appear to be very
different, and Hsysfor both is a time-invariant, single-pole
system, i.e., Hsys(s) = (K /s − p). We define two metrics,
Rn and Rg , to measure the noise performance and gain-timing
sensitivity, respectively,
Rn 

2
v n,i
noise of DT amp.
e pTS + 1
1
 = pTS · pT
=  2
v n 0.5
noise of IBA
2
e S −1
·
f

TS

(12)
d(g)
sensitivity of DT amp.
e pTS
Rg 
=   = pTS · pT
sensitivity of IBA
e S −1
d tskew
TS
(13)
where p < 0 for LHP pole. Physically, Rn compares the inputreferred noise of a DT amplifier to an IBA, and Rg compares
the gain-timing sensitivity of a DT amplifier to an IBA.
Fig. 19 plots the two metrics as a function of p for a DT
amplifier. We see that there is a tradeoff between Rn and Rg ,
2 “Dynamic amplifier” refers to open-loop gm-C amplifiers. Closed-loop
dynamic amplifiers, such as [4], are essentially SBAs with variable bandwidth.

We propose a time-variant Hsys to break the noise–
robustness tradeoff of conventional DT amplifiers. In the proposed multi-phase settling amplifier, Hsys is still a single-pole
system, but we change the pole location in different phases.
As an example, Fig. 20 shows the amplification progress for
a two-phase settling amplifier.
Here, Hsys has a large bandwidth in the first phase but also
induces more noise. During the second phase, the bandwidth is
reduced by suppressing noise. Intuitively, since the bandwidth
of the second phase is smaller than with a conventional SBA,
the overall noise is reduced. An essential advantage is that
gain-timing sensitivity is much lower than a DA. The two
metrics of a two-phase settling amplifier (i.e., Rn,2P and Rg,2P )
are




− p1 1 − e2 p1 T1 · e2 p2 T2 − p2 1 − e2 p2 T2
1
Rn,2P = TS ·

2
2
1 − e( p1 T1 + p2 T2 )
(14)
( p1 T1 + p2 T2 )

e
.
(15)
1 − e( p1 T1 + p2 T2 )
Fig. 21 plots these metrics versus phase division ratio, which
supports the conclusion that two-phase settling can improve
both noise efficiency and gain-timing robustness.
In the figure, the x-axis is the fraction of TS that the
amplifier operates in phase 1 (i.e., T1 ). The pole locations
are calculated by minimizing Rn,2P + Rg,2P for each value of
T1 . When compared to a conventional SBA with 6τ settling,
two-phase settling reduces noise (Rn ) by about 60%. This
implies that 60% less power on gm transistors is required to
achieve the same noise level. Although the noise with twophase settling (and optimal phase division) is still a little higher
(18%) than with a DA, the gain sensitivity (Rg ) is 9× smaller.
In a practical design, different weightings can be applied to
Rn,2P and Rg,2P to emphasize noise or sensitivity depending
on the application.
Adding more settling phases can further reduce noise and
gain sensitivity, as shown in Fig. 22. With enough phases,
Rg,2P = −( p1 T1 + p2 T2 )
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Fig. 23.

Schematic of RA2.
TABLE I
N OISE P ERFORMANCE OF RA2

Fig. 21. Optimal pole locations (top) and metrics (bottom) of two-phase
settling amplifier versus phase-division ratio. Diamonds mark the optimal
phase division in the sense of minimizing Rn,2P + Rg,2P globally.

Fig. 22. Theoretical (optimal) performance versus number of settling phases.
This calculated by optimizing Rn,m + Rg,m .

the theoretical noise approaches that of a DA, while the gain
robustness remains as good as a conventional SBA.
C. Practical Residue Amplifier Design
Two-phase settling is the most practical choice among
multi-phase designs, as it provides good performance with
a negligible increase in complexity. In our prototype, RA2
is a gm-R structure with push–pull operation to double the
transconductance and improve efficiency. Fig. 23 shows a
schematic of RA2. The CMFB resistors (R L ) are the dominant
resistive load. Cascoding reduces the influence of channel
modulation on gain and linearity. The output resistance is
configured by shorting the output series resistors (R O ). Thus,
the main pole location can be changed during settling. The
noise of R O is suppressed by the gain of RA2 and is thus
negligible.
To verify the effectiveness of two-phase settling, Table I
compares the simulated noise performance of RA2 for different settling configurations. The simulations are for the same
RA2 design and differ only in R O and the switch operation.
In the conventional settling case, an external R O is added
to satisfy 6-τ settling. The simulations show that two-phase

Fig. 24.

Die photograph.

settling reduces noise by 33%. The discrepancy between the
actual and theoretical improvements is due to other noise
sources besides the gm transistors. When only the noise of
gm transistors is considered, the simulated noise reduction is
54%, which is very close to the theoretical optimum. In this
design, the pole locations are not optimal, so some discrepancy
still exists.
VI. M EASUREMENTS
The prototype design is fabricated in 28-nm CMOS and
measures 100 μm × 200 μm (see Fig. 24). The majority of
the chip area is occupied by the CDAC, while the NS FIR
filters account for only 21% of the total area.
In single-tone testing with 19.3-kHz full-scale input signal (1.05-Vp differential), the measured peak SNDR over a
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Fig. 27.

Two-tone measurement test.

Fig. 28.

Measured performance versus input amplitude and frequency.

Fig. 29.

PVT measurement results.

Fig. 25. FFT for single-tone test (64k samples Hann window, 16× averaging).

Fig. 26.

Single-tone tests for different configurations.

100-kHz bandwidth is 87.6 dB. A fourth-order-shaped noise
floor with an 80 dB per decade slope is evident in the output
spectrum, as shown in Fig. 25.
For comparison, we perform the same test with different
configurations (see Fig. 26). SNDR improves by 25.3 dB
when the outer loop (FIR2) is enabled. The inner loop (FIR1)
provides an additional 4.5-dB SNDR improvement. The mild
SNDR improvement from the inner loop is due to a conservative design strategy that makes the shaped quantization error
much smaller than the thermal noise. Therefore, there is a
large margin for NTF variation so that quantization error does
not overwhelm thermal noise. However, a more aggressive
design strategy with a lower OSR and quantizer resolution can
achieve the same SNR but with less NTF margin. The lowcost increased NS order provided by CaNS SAR architecture
gives the designer extra freedom and can either improve
performance or robustness.
Fig. 27 shows the measured spectrum for a two-tone test.
The measured IMD3 is −83 dB for a near-maximum input
frequency. Fig. 28 shows the measured performance for different input amplitudes and frequencies. These measurements
indicate consistent performance over the entire input frequency
range. The measured dynamic range is 89 dB.
We measured five different devices to demonstrate the
PVT robustness of the new architecture. Without any PVT

calibration, the measured SNR variation across the devices
is only 2 dB. As shown in Fig. 29, the measured variation
in SNR is within 3 dB over ±10% change in analog supply
voltage and a 0 ◦ C–70 ◦ C temperature range. The degradation
of SNDR at low temperature is likely due to variation in the
on-chip IC delays.
Fig. 30 shows a breakdown of the measured power and
area. The ADC consumes 120 μW at 2 MS/s. Only 2.2% of
power and 6% of area are taken by the inner NS loop, which
contributes <1% of the total noise. Therefore, the cost of the
increased order is negligible.
Finally, Table II compares this work with some other stateof-the-art sub-MHz ADCs. The prototype exhibits higher order
NS than conventional NS SAR ADCs and also delivers the
highest SNR over 100-kHz bandwidth. The overall efficiency,
as measured with the Schreier FoM, is equivalent to that
of the most efficient conventional NS SAR ADCs, but our
implementation is free of DAs and is PVT stable on system
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TABLE II
C OMPARISON TABLE

a low-cost solution for high-resolution sub-MHz analog-todigital conversion.
A PPENDIX I
NS SAR M ODELING A SSUMPTIONS
The NTFs for the direct and cascade forms are
NTFdirect
n


n
= 1 − z −1 = 1 +
an,k z −k

(A1)

k=1

NTFcascade
 n  
 n 

= 1 − z −1 2 · 1 − z −1 2
⎛
⎞⎛
⎞
 n2 
 n2 


= ⎝1 +
a n2 ,k z −k ⎠⎝1 +
a n2 ,k z −k ⎠
k=1

Fig. 30.

Power, area, and noise (estimated) breakdown.

level. Compared with SD ADCs, the prototype is more than
7× smaller in area and thus is much lower in cost.

(A2)

k=1

where n is the order of NTF and an,k are the binomial
coefficients with variation, i.e.,



n
2
an,k = (−1)k ·
.
(A3)
+ N 0, σn,k
k
SNR is evaluated as
SNR

VII. C ONCLUSION
The work proposes a new cascaded EF architecture for NS
SAR ADC. The architecture provides extra NTF order for
NS SAR at negligible cost. A two-phase settling technique is
also proposed to boost the efficiency of DT amplifier without
compromising PVT robustness. The prototype CaNS SAR
ADC demonstrates the highest NTF order and highest SNDR
among NS SAR ADCs over 100-kHz bandwidth and provides

=

E2
+ πQ
OSR
E S2

π
 OSR

0

K1
|NTF( j w)|2 dw+

E 2N
π

π
 OSR

0

|1−NTF( j w)|2 dw
(A4)

where K 1 is a constant related to the reference voltage. CDAC
mismatch is ignored in this model, i.e., E D = 0. The worst
case SNR, i.e., SNRworst , is calculated by
P(SNR > SNRworst ) = yield

(A5)
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based on the Monte Carlo method and distribution fitting.
Power is the core power plus filter power
⎛
⎞
K2
K3
P = Pcore + Pfilter = BW · OSR⎝ 
+ 2 ⎠ (A6)
2
E
N
E
Q

where K 2 and K 3 are related to FoMW and the process.
Area is evaluated as the CDAC area plus filter area
A = ACDAC + Afilter =

K4
(1 + K 5 )
E S2

(A7)

where K 4 and K 5 are related to capacitance density and the
ratio between CDAC and filter caps.
Finally, the variation of NTF coefficients is related to the
area of filter cap


2n
2
¯ 
(A8)
= K 62 ·
· an,k
σn,k
Afilter
where K 62 is the variance of a unit area of capacitance and
(2n /Afilter ) is the reciprocal of FIR filter unit capacitor’s area
(2n is the sum of all FIR coefficients).
The results in Fig. 4 are from solving an optimization
problem
maximize FoMNSSAR
variable {E Q , E S , E N , OSR}
subject to SNRworst = 90 (dB)
2−4
2−11
√ ≤E Q ≤ √ (V)
12
12
10−5 ≤E S , E N ≤ 10−2 (V)
4 ≤ OSR ≤ 512
with the following presets:
K 1 = 0.125, K 2 = 2.9 × 10−14 , K 3 = 1.3 × 10−20


K 4 = 1 × 10−11 , K 5 = 0.1, K 6 = 2.5% per μm2
BW = 100 K, yield = 95%
where K 1−6 are based on process data and information from
the ADC survey. Since the objective function is stochastic, the
optimization is done by first running the Surrogate Algorithm
on the full parameter space, followed by running a localized
pattern search algorithm. The optimization is repeated ten
times and the result with minimal OSR is picked as the final
result.
A PPENDIX II
S TATIC E RROR C ALIBRATION OF NS SAR
We perform a foreground calibration to reduce static errors
(i.e., mostly CDAC mismatch, E D ) in our NS SAR design.
The calibration system consists of a digital low-pass filter and
a lookup table (LUT). It reads the digital output from the NS
SAR and outputs a calibrated in-band signal. Fig. 31 shows
the signal diagram of the calibration system.
A low-pass filter first filters the ADC output (i.e., Calibration In). The filter bandwidth matches the bandwidth of
ADC and provides enough attenuation so that out-of-band
quantization errors become negligible. The 16-bit truncated

Fig. 31.

Calibration system applied.
TABLE III
E STIMATED P OWER AND A REA C OST OF C ALIBRATION

outputs of the filter provide the address input to the LUT. The
LUT values, which are generated by an optimization algorithm
(e.g., LMS adaptation), cancel static nonlinear errors of the
ADC by simply mapping an inverse function to the error.
The LUT generation process needs only run once for each
device and can then be applied for any input signal and PVT
condition. The reason for low-pass filtering first is that the
LUT can mix down high-frequency errors back in-band and
degrade SNR. Adding a filter prevents this effect.
The calibration method used in this work is for testing and is
implemented off-chip. The method is not optimized for power
and area in the sense of an on-chip implementation. Thus,
we do not include the power and area cost of calibration in
Section VI. However, for readers’ reference, Table III provides
the estimates of the power and area of the calibration circuitry
from logic synthesis and APR tools for a 28-nm CMOS
process.
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