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Abstract—A switched-capacitor logarithmic pipeline analog-to-
digital converter (ADC) that does not require squaring or any other
complex analog function is presented. This approach is attractive
where a high dynamic range (DR), but not a high peak SNDR, is
required. A prototype signed, 8-bit 1.5 bit-per-stage logarithmic
pipeline ADC is designed and fabricated in 0.18 m CMOS. The
22 MS/s ADC achieves a measured DR of 80 dB and a measured
SNDR of 36 dB, occupies 0.56 mm�, and consumes 2.54 mW from
a 1.62 V supply. The measured dynamic range figure of merit is
174 dB.

Index Terms—Compander, logarithmic ADC, pipeline ADC.

I. INTRODUCTION

M OST natural signals, including light intensity and audio
amplitude, are measured on a logarithmic scale. A prop-

erly designed logarithmic coding scheme is more efficient than
conventional linear encoding, in that, a higher dynamic range
can be represented for a given word length. In a conventional
linear analog-to-digital converter (ADC), code-width is uniform
over the entire input range. Logarithmic ADCs allow progres-
sively larger quantization errors for larger input values. As an
example, since the ability of the human ear to distinguish be-
tween different sound levels is less that for larger signal levels,
audio signals are well suited to log encoding. Fig. 1 shows that
logarithmic coding achieves better image quality than linear
coding for the same number of bits.

Expansion of dynamic range is traditionally achieved through
an automatic gain control (AGC) amplifier or nonlinear com-
pression [2]. However, an AGC cannot respond to rapidly fluc-
tuating signals. A logarithmic amplifier can be used to com-
press the dynamic range of an input signal [3], but this approach
requires a look-up table to precisely describe the device-de-
rived nonlinear characteristics. Alternatively, a back-end digital
compander [4] can be combined with a high-resolution ADC.
However, this method is power-hungry and complex. Direct log-
arithmic analog-to-digital conversion has exactly the same ben-
eficial characteristics as the combination of a logarithmic am-
plifier and linear ADC, but with potentially much lower power
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consumption. A direct log adaptation of a conventional linear
pipeline ADC replaces subtraction with division, and multipli-
cation by 2 with squaring. Reference scaling [5] enables a log
domain pipeline ADC to be implemented with simple scalar
multiplication and without cumbersome analog math operations
such as squaring or exponents.

In this paper, we describe a logarithmic pipeline ADC tech-
nique and present a prototype logarithmic ADC which demon-
strates a high dynamic range of 80dB. This approach is advanta-
geous for many applications such as audio, imaging and sensing,
where high dynamic range is required. A novel switched capac-
itor (SC) logarithmic pipeline ADC architecture, that does not
require squaring or any other complex analog function, is in-
troduced in Section II. Unlike a conventional pipeline ADC, the
pipeline stages do not include an MDAC, so that the required ac-
curacy of the reference voltage is greatly relaxed. Performance
metrics such as signal-to-noise-ratio (SNR) and dynamic range
are also discussed. Section III highlights the realization of the
pipeline architecture and presents circuit details. Finally, the
measured performance of a fabricated prototype is presented in
Section IV.

II. LOGARITHMIC PIPELINE ARCHITECTURE

A. Logarithmic Conversion

With logarithmic coding, the LSB size varies with the input
signal level. Similar to a companding digitizer, small signals are
quantized at fine resolution, whereas changes in large signals
are quantized at coarse resolution. Fig. 2 shows an example of
a 5 bit logarithmic companding characteristic. Larger voltage
inputs experience coarser quantization.

An L-bit logarithmic ADC converts an input analog voltage
to a digital bit sequence , map-

ping to a logarithmic domain. This mapping equation is shown
in (1):

(1)

In (1), the input voltage is divided by the full-scale ADC
input range , mapping the input to a nominal range from
0 to 1. A code efficiency factor, is introduced. Larger values
of result in a more logarithmic input-to-digital-output rela-
tionship, emphasizing smaller signals, and resulting in a higher
dynamic range. Fig. 3 illustrates how the code efficiency factor,

, affects the input-to-output relationship. Although the LSB
size in a conventional ADC, , is constant over the en-
tire input range, the normalized logarithmic LSB size of a log-
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Fig. 1. Image quality comparison between 3 bit linear and 3 bit logarithmic coding. (a) Linear 3 bit coding. (b) Log 3 bit coding.

Fig. 2. Companding characteristics of 5 bit logarithmic quantization.

arithmic ADC is , assuming the MSB is used as a sign
bit. As a result, the LSB size varies depending on the input am-
plitude. For the 8 bit logarithmic ADC, which is demonstrated
in this work, is set to 3, resulting in the minimum LSB size
to . The theoretical dynamic range, con-
sidering only the positive polarity part of the logarithmic ADC
range, is 85 dB. A sign bit adds an extra 6 dB, resulting in
a theoretical dynamic range of 91 dB. The methodology for
calculating theoretical dynamic range is presented later in this
section.

Limitations due to noise, linearity, and device matching prob-
lems make practical circuit implementations with diffi-
cult. For example, with , and assuming is 1 V, the
minimum LSB size of 8 bit ADC is 0.37 mV. On the other hand,
with a code efficiency factor of , the minimum LSB
size is only 7.5 , which makes noise and matching difficult
and impractical to overcome.

By rewriting (1), the analog input corresponding to a digital
code is given by

(2)

The varying LSB size is calculated by subtracting values
from (2) for two adjacent digital codes. Subtracting analog input
values for codes 0 and 1, results in the minimum LSB size. If we

Fig. 3. 6 bit logarithmic characteristics for three values of code efficiencies,� .

subtract the analog input values corresponding to the maximum
digital codes and , we obtain the maximum LSB size.
Equation (3) includes the minimum LSB size and (4) includes
the maximum LSB size.

(3)

(4)

The dynamic range (DR) is defined as the ratio of the input
range to the smallest resolvable signal, or the smallest
difference between adjacent codes, as

(5)

Then, by substituting (3), dynamic range is calculated as

(6)

B. Logarithmic Pipeline ADC Architecture

This logarithmic ADC architecture is fundamentally different
to the classical linear pipeline architecture. A linear one-bit-per-
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Fig. 4. Possible implementation of logarithmic pipeline ADC stage.

stage pipeline ADC subtracts binary-weighted values of the ref-
erence from the input, attempting to reach a final residue of zero
at the end of the pipeline. On the other hand, this logarithmic
pipeline architecture gains up the input to each stage, attempting
to ultimately achieve a residue of full-scale at the end of the
pipeline.

The proposed logarithmic-domain pipeline ADC architec-
ture is based on simple scalar multiplication and does not
require cumbersome analog math operations such as squaring
or exponents. A direct log-adaptation of a conventional linear
1.5-bit-per-stage, pipeline ADC would replace subtraction
with division, and multiplication-by-2 with squaring. Since

, in a logarithmic
pipeline ADC a conditional attenuation (or gain) replaces
subtraction, depending on the decision of the sub-ADC. This
log pipeline stage differs from a conventional 1.5 bit linear
pipeline ADC stage, which subtracts one of three possible
MDAC outputs. In the conventional linear 1.5 bit-per-stage
pipeline ADC, the stage input signal is quantized by a 1.5 bit
sub-ADC and the analog residue is multiplied by 2 to fit the
full-scale input range of next stage. Instead, the logarithmic 1.5
bit-per-stage architecture sets one of three different inter-stage
gains depending on the sub-ADC decision. These three gain
settings are achieved by switching in different values of feed-
back capacitance across an opamp. Fig. 4 shows a possible
implementation of a stage in a logarithmic 1.5-bit-per-stage
ADC.

Although Fig. 4 also includes a squarer, we next see how
squaring is eliminated in this log ADC architecture. Squaring
in a log ADC is equivalent to a multiplication by 2 in a linear
radix-2 pipeline ADC. Considering that

, this requires squaring of the residue, but ac-
curate and reliable squaring is difficult in the analog domain.
Instead of attempting precise analog squaring, we achieve the
same overall result by scaling the comparator reference voltages
and gain settings for each pipeline stage. (A similar scheme is
proposed in [6].)

Fig. 5(b) shows the residue characteristic of a 1.5 bit loga-
rithmic ADC pipeline stage. For comparison, a direct linear re-
lationship between input and output is plotted in Fig. 5(a). The
residue plots are on a logarithmic sale with a normalized
range from to 0 (i.e., ). The residue of Fig. 5(b) is

Fig. 5. Logarithmic ADC residue plot. (a) Gain of 1 over log input range.
(b) Desired 1.5 bit residue but squaring is difficult. (c) Conditional multipli-
cation — no squaring. (d) Rescale refs to get desired characteristic.

divided into three regions as there are two comparators. A mod-
ified approach in Fig. 5(c) uses the same comparator thresholds,
but the gain settings are chosen so that the residue now falls en-
tirely into the top vertical half (i.e., logarithmic range: 1.5 to
0, or a corresponding linear range: 10 to 1). Squaring of the
residue of Fig. 5(c) would double its logarithmic range to appear
identical to the residue of 5(b). However, instead of squaring,
a different set of comparator reference voltages is chosen for
the next stage. The reference voltages are set in the top half
of 5(c), effectively achieving a rescaled residue with the same
shape (Fig. 5(d)). This approach is not only easier to implement
but also advantageous since the reference and signal voltages
become larger (i.e., closer to a normalized logarithmic value of
0) going down the pipeline. For example, the upper threshold
of the second stage is 137 mV, whereas that of the first stage
is 31.6 mV. Larger references are easier to generate and allow
more tolerance for comparator errors.

The classic 1.5 bit-per-stage redundancy scheme used in
linear pipeline ADCs [7] is adapted here to reduce the required
accuracy of the comparators. Unlike the case with a linear
pipeline, reference voltages are not used in MDAC stages,
and therefore, redundancy significantly reduces the required
accuracy of both the comparators and the voltage references.
In a 1.5 bit stage, the input range of each stage is divided into
three regions, corresponding to the three possible outputs of
the two comparators: “00”, “01” and “11”. Redundancy can
correct for both comparator offset errors and reference voltage
errors with a range given by

(7)

The easiest way to calculate the reference voltages is to begin
on a logarithmic scale and then to return to linear scale. In the
residue plot for the th stage, the midvalue of the axis is at
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TABLE I
VOLTAGE REFERENCE AND GAIN SETTINGS IN PROTOTYPE 8 BIT ADC �� � ��

on a logarithmic scale. If digital correction is applied,
then from (7) reference voltages are defined as

(8)

where is the lower threshold and is the upper
threshold. Similarly, the gains for stage are

(9)

In (9), is the highest gain setting for stage inputs less
than ; is the midrange gain for the stage inputs that
lie between and ; and is the bypass gain for
the stage inputs larger than for the th stage. Note that

. Table I gives the stage reference and gain settings
in the prototype 8 bit ADC designed with .

C. Gain Error in the Logarithmic Pipeline ADC

In a conventional pipeline ADC, gain errors are caused by
capacitor mismatch, by finite opamp gain, and by incomplete
settling of the residue amplifiers. These gain errors reduce the
linearity of the ADC. While both MDAC errors and gain errors
are sources of nonlinearity in a conventional pipeline ADC, only
gain errors contribute to nonlinearity in this logarithmic pipeline
structure because it does not include an MDAC.

Ideally, a stage output is the product of the input signal and the
gain; , where is the ideal closed-loop
gain of the inter-stage amplifier defined in (9). If we express
the total gain error as , then the actual gain is

. For example, without gain error, the midrange gain of
the first stage of the prototype ADC is 5.62, but varies from 5.57
and 5.68 with a 1% capacitor matching error. If we express the
relationship between the input and output of each pipeline stage
in the logarithmic domain, the stage output or residue can be
written as

(10)

Fig. 6. 1.5 bit residue plot and error due to finite gain.

If is small , we can approximate
, where is the natural logarithmic constant

giving

(11)

A new residue plot considering gain error is drawn in Fig. 6.
The last term in this equation, , causes an undesired
gain shift of in logarithmic domain. The term
represents the input referred error in the logarithmic relationship
between the stage input and output.

The gain error, , can be divided into a random compo-
nent and a systematic component; . The
random part, , is due to device imperfections, in particular ca-
pacitor mismatch. Since different capacitors are used for each
of the three gain settings, capacitor mismatch can cause INL er-
rors. For example, a 1% capacitor mismatch in one of the gain
settings of the first stage, results in an INL error of 0.16 LSB.
(Note that in a signed 8 bit logarithmic ADC with , an

in logarithmic domain.) The system-
atic component, , results from deficient amplifier gain
and is inversely proportional to the feedback factor . In other
words, the systematic component of gain error is predictable if
we know the feedback factor and the opamp gain.

The systematic gain error can be derived from finite DC gain
as

(12)

where is the opamp gain, and we assume that , the feed-
back factor is the inverse of , the ideal gain. Using this
approximation for gain error, Fig. 7 plots the systematic com-
ponent of the closed-loop stage gain error due to finite DC gain.
The gain error depends on the gain setting, and therefore there is
a different gain error for each of the three input regions defined
in (9). The absolute value of gain error in the low-range is
times larger than that in the midrange, since according to (9)
is the square of .

Referring to (10), we see that a constant value of causes
an offset in the log relationship between stage input and output.
The grey common offset line in Fig. 7 set at
represents the average of the maximum gain error (occurs in
the low range) and the minimum gain error (occurs in the high
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Fig. 7. Input-referred systematic stage gain error due to finite opamp gain for
a 1.5-bit logarithmic stage.

range). The effective integral nonlinearity is the maximum dis-
tance from to the average (i.e., to ).

To guarantee the overall ADC linearity, the effective system-
atic error should be less than the LSB size. To achieve an INL
less than 0.5 LSB, the maximum stage gain error of the first
stage can be up to 3.1%, compared to only 0.62% [9] in an
8 bit linear ADC. Unlike a linear ADC the logarithmic ADC
does not include an MDAC, further relaxing the requirements
for linearity. In practice, in a conventional linear ADC, the non-
linearity error caused by MDAC is larger than the nonlinearity
caused by gain error [9].

From the above, we can also estimate the minimum gain re-
quired for the opamp

(13)

where is the code efficiency factor. As shown in (13), the
gain requirement decreases exponentially down the pipeline. To
achieve an INL less than 1 LSB, the minimum opamp gain of
the first stage should be greater than dB , but
only dB in the second stage. This theory was
tested with a behavioral model, which considers both finite op
amp gain and capacitor mismatch. Fig. 8(a) shows an INL plot
for opamp gains of 50 dB and 60 dB INL. Fig. 8(b) shows a
histogram of worst INL for a 1000 sample Monte Carlo simu-
lation, which assumes with a 1 capacitance error of 1% for a
0.1 pF unit capacitor. From the behavioral simulations, we see
that the logarithmic scheme has immunity to both gain error and
capacitor mismatch as we discuss in this section. In addition, the
input-referred offsets in pipeline stages are code-dependent and
affect the linearity performance. The offsets are modeled in the
behavioral simulation and the offset requirements per stage that
guarantees less than 1 LSB of the INL are shown in Table II.

III. LOGARITHMIC PIPELINE ADC PROTOTYPE

IMPLEMENTATION

A signed 8-bit, 6-stage, fully differential, logarithmic pipeline
converter is implemented as shown in Fig. 9. The gain and ref-
erences values, shown in the figure are derived using (8) and (9)
with . Much like a linear pipeline ADC, each stage in-
cludes a 1.5 bit sub-ADC. However, instead of a 3-level MDAC,

Fig. 8. Linearity test from a behavioral model. (a) INL plot for finite op
amp gain. (b) Worst case INL histogram for Monte Carlo simulation with
mismatched capacitors.

TABLE II
INPUT-REFERRED OFFSET REQUIREMENTS IN PROTOTYPE 8 BIT ADC �� � ��

one of three gain settings is selected by switching in different
values of feedback capacitor across an operational amplifier,
depending on the sub-ADC decision. As discussed above, the
redundant 1.5b architecture relaxes the requirements for com-
parator accuracy and comparator reference voltage accuracy.
The accuracy of a stage residue is largely unaffected by errors
or noise on a distributed reference since the residue is decided
by a programmable gain and not MDAC subtraction.

Fig. 10 shows a fully differential pipeline stage controlled by
two non-overlapping and . One of three feedback capaci-
tors is selected to give one of three different gains depending on
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Fig. 9. Logarithmic ADC architecture.

Fig. 10. Logarithmic ADC stage.

the sub-ADC decision. While is high, the stage input is sam-
pled, and the feedback capacitor is reset. is the gain phase.

Since this logarithmic stage does not use an MDAC, the refer-
ence voltage settling requirement is relaxed in this architecture.
The common mode bias, , is only used to reset the common
mode voltage which is 600 mV in the prototype. The operational

amplifiers are implemented as folded cascode amplifiers with
pMOS input pairs. A common mode feedback circuit maintains
the common mode output voltage at 600 mV. Since large signals
are more coarsely quantized than small signals in logarithmic
conversion, the logarithmic ADC is less sensitive to opamp gain
nonlinearity.
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Fig. 11. The first pipeline stage is comprised of a cascade of two SC amplifiers.

Since the highest gain setting for the first stage is 31.6 (the
gain settings are 31.6, 5.6 and 1) a cascade of two programmable
SC gain stages is used to implement the first pipeline stage,
as shown in Fig. 11. One of the two comparators for the first
stage is placed in front of each amplifier. The amplification of
the first SC gain stage allows the same reference voltage to
be used for both comparators and also relaxes the accuracy re-
quired for lower reference voltage. Subsequent pipeline stages
require far less gain and are implemented with single SC ampli-
fiers. Capacitors are implemented as multiples of a unit capac-
itor (100 fF). The use of unit ratios causes a slight error in stage
gain, for example, a capacitor ratio of differs from
the ideal gain of 5.62 for the first stage by 0.7%. However, this
0.7% gain error is well tolerated by the architecture, and the use
of unit capacitors improves capacitor matching. Since a large
input-referred offset affects the linearity of the ADC, transistor
matching was carefully considered especially for the first stage.
Common-centroid multi-fingered layout is used for the critical
transistors. The sixth stage of the pipeline is a 2-bit logarithmic
flash ADC. All stage reference voltages are generated on-chip
as shown in Fig. 12.

A logarithmic function is not defined for negative inputs, but
most differential natural signals have a polarity [11]. To handle
negative signals, a first sign decision is made at the front of the
pipeline as shown in Fig. 13. The sign stage determines the input
polarity, and if necessary inverts the polarity of input to the re-
mainder of the pipeline. This sign decision must ultimately be
made at the full accuracy of the ADC. To achieve the required
accuracy, the sign decision is made by a combination of two
comparators; one after the front-end SHA and another at the
output of the first stage. The second comparison is much more
accurate because of the gain of the first stage. The estimate made
at the input of the front-end comparator is sufficiently accurate
to allow the first stage to correctly process the input. For small
inputs where the ADC is more sensitive to sign errors, the first
stage is set to the high gain setting of 31.6, with each of the cas-
caded amplifiers providing a gain of 5.6. In the prototype de-
vice, without correction the first decision should be accurate to
222 , however the second decision has a margin of 1.25 mV
because this second decision is made after 5.6 multiplication

Fig. 12. Reference voltage generation.

Fig. 13. Polarity decision scheme.

by the first stage. If the first decision is wrong, the second com-
parator corrects the polarity. An XOR of the first decision and
the second decision generates the sign bit (MSB).

A differential flip-around sample and hold as shown in Fig. 14
is used for fast and linear operation [12]. The operational ampli-
fier used in the sample and hold circuit has the same folded cas-
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Fig. 14. Sample and hold circuit, and first polarity check comparator.

Fig. 15. Logarithmic ADC die micrograph.

coded structure as that of the amplifiers in the pipeline stages.
To minimize the effect of charge injection, bottom plate sam-
pling is used [13]. A two-stage regenerative comparator tech-
nique based on [14] is employed. D-flip-flops perform synchro-
nization of data from different stages and a ripple carry adder
adds the synchronized data to produce the overall 8-bit digital
output [15], [16].

IV. PROTOTYPE MEASUREMENTS

A prototype device is fabricated in 0.18 m CMOS with a
MiM capacitor option and occupies 0.56 mm (2.1 mm in-
cluding I/O) as shown in Fig. 15. The ADC consumes 2.54 mW
at 22 MS/s (including clock, reference generation, biasing, and
digital circuitry) from a 1.62 V analog supply and a 1.78 V dig-
ital supply.

Plots of the DNL and INL values obtained from measure-
ments of the prototype ADC are shown in Fig. 16. The measured

Fig. 16. Measured DNL and INL of logarithmic ADC.

Fig. 17. Spectral density plot with 503 kHz single tone input signal.

Fig. 18. Measured SNDR, SFDR, and THD versus input amplitude.

maximum and are 0.32 LSB and 0.77 LSB, respec-
tively. The DNL curve looks shifted up by 0.2 LSB with peaking
in every 16th code step. This seems to be result of the reference
mismatch of the 4th stage and the final stage. The average of
INL curve is adjusted to zero. The MSB (sign bit) divides the
upper half codes and the lower half codes. In the DNL and INL
plots, the lower half codes (0 127) are flipped to show code
versus input relationship. The definitions of DNL and INL for
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Fig. 19. Measured SNDR, SFDR, and THD versus input frequency.

Fig. 20. Measured SNDR, SFDR, and THD versus sampling frequency with 100 kHz input signal.

a logarithmic ADC are similar to those for a linear ADC except
that in a logarithmic ADC the ideal step size is different for each
code.

(14)

A major difference between a linear ADC and a logarithmic
ADC is that, for the latter, the LSB size varies along with the
input signal (while the ratio of adjacent trip voltages remains
constant). To measure the nonlinearity with a histogram test,
we exploit the fact that the code density of a logarithmic ADC
follows an exponential function. For a sinusoidal input, each
code bin for an ideal logarithmic ADC is calculated through
integration of a probability density function as

(15)

TABLE III
PERFORMANCE COMPARISON

where is the digital code, is the code efficiency factor and
is the number of bits.
800,000 points were collected at a sampling rate of 22 MS/s

of a 503 kHz sinusoid for the code density test of the prototype
8 bit ADC. The code density test with a sinusoidal input signal
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has a known limitation in the case of log converters since the
probability of hitting a code is very low for codes near zero.
To overcome this limitation a large number of points should be
collected.

Fig. 18 shows the measured dynamic performance versus
input amplitude. The peak measured DR, SFDR and SNDR are
80 dB, 44 dB and 36 dB, respectively. The measured dynamic
range is the difference in input level between the minimum
detectable signal (i.e., ) and the maximum re-
solvable signal (at highest-peak SNDR).1 The dynamic range
is far greater than that of a linear ADC, however nonlinear
logarithmic conversion somewhat degrades peak SNDR. Nev-
ertheless, the measured peak SNDR is close to the 37.9 dB ideal
value for a compression of implemented in the proto-
type. Figs. 19 and 20 show the measured dynamic performance
versus input frequency and sampling frequency, respectively.
During test, a single tone sinusoidal input is applied and the
measured digital output is reconstructed according to the
ADC’s exponential characteristic. As shown in Fig. 19, SNDR
falls above 6 MHz. Although the two comparator polarity-de-
tection scheme (Fig. 13) can correct for errors made by the
comparator in front of the sample-and-hold, correction may fail
for fast-slewing high-speed inputs.

V. CONCLUSION

A logarithmic pipeline ADC architecture that does not rely
on squaring or device exponential behavior is proposed and im-
plemented. Since the pipeline does not include MDAC, the re-
quired accuracy of the reference voltage is relaxed. A proto-
type logarithmic ADC was fabricated in 0.18 m CMOS tech-
nology and the measurements of the logarithmic ADC proto-
type show a high dynamic range, comparable to sigma-delta
ADC, but achieved with a wide bandwidth and very low power
consumption.

Two figures of merit are compared with recently published
converters in Table III.

The figure of merit is

(16)

(based on total power consumption including clock, reference
generation, biasing, and digital circuitry) is 2.38 pJ/conversion-
step. The dynamic range figure of merit is 174 dB.

(17)
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